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Abstract

Existing results on the properties and performance of forecast combinations have been derived
in the context of mean squared error loss. Under this loss function empirical studies have gen-
erally found that equally-weighted combined forecasts lead to better performance than estimates
of optimal forecast combination weights which in turn outperform the best individual predic-
tions. We show that this and other results can be overturned when asymmetries are introduced
in the loss function and the forecast error distribution is skewed. We characterize the optimal
combination weights for the most commonly used alternatives to mean squared error loss and
demonstrate how the degree of asymmetry in the loss function and skews in the underlying
forecast error distribution can signi0cantly change the optimal combination weights. We also
propose estimation methods and investigate their small sample properties in simulations and in
an in1ation forecasting exercise.
c© 2003 Elsevier B.V. All rights reserved.
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1. Introduction

Economic decision makers are often presented with numerous competing forecasts
generated by di9erent economic models or forecasting services with access to di9er-
ent information sets. A decision maker who needs a forecast could choose a single
forecast from a method that has historically performed well according to a particular
loss function, or some combination of the available forecasts could be considered. If
a combination of forecasts proves to be superior to its individual components, a better
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model should be available by pooling the information sets used to form the various
forecasts. In practice all the basic information sets are often not available, so this is not
a feasible approach. Combining forecasts becomes an attractive strategy in this situation
and combinations have indeed proven empirically to lead to substantial improvements
over the forecasts produced by the best single model. 1

The majority of theoretical results on combination weights and empirical 0ndings on
forecast combination performance assume a symmetric, quadratic loss function. How-
ever, in economics and 0nance forecasting performance is increasingly evaluated under
more general loss functions that account for asymmetries; see, e.g., Christo9ersen and
Diebold (1997), Diebold (2001), Granger and Newbold (1986), Granger and Pesaran
(2000), Varian (1974), West et al. (1993) and Zellner (1986). For example, 0nancial
forecasting performance is often measured through the Sharpe ratio which divides mean
returns over the standard deviation of returns on a portfolio constructed on the basis
of forecasting information. 2 Similarly, it is common to have a value at risk (VaR)
objective to account for the disproportionately high costs associated with large losses.
This leads to a loss function that puts particular emphasis on draws from the left tail
of the forecast error distribution. Central Banks may also have asymmetric preferences
which will a9ect their optimal policies, cf. Peel and Nobay (1998).
This paper examines forecast combinations under general loss functions and forecast

error distributions. We establish in general situations the factors that are important in
determining the optimal weights in population; numerical examples are then used to
demonstrate the extent to which the degree of asymmetry in the loss function interacts
with the skew and kurtosis of the underlying forecast errors from the individual models
in determining optimal combination weights. It is shown that it is the combination of
asymmetry in both loss and data that is required for weights to di9er from the mean
square error (MSE) optimal weights. Under elliptical symmetry, our paper shows that
the linear forecast combination weights (other than the constant term) are identical for
(almost) all loss functions. This invariance result follows since for any set of forecast
combination weights, the constant can be adjusted to choose the bias that optimally
trades o9 the bias and variance of the forecast error. The weights on the forecasts are
left free to minimize the variance and can thus be found as the solution to a standard
quadratic optimization problem.
This result has useful practical implications. Since the forecast combination weights

are the same as those under MSE loss, the estimation problem reduces to a sim-
ple two-stage procedure: least squares estimation of the optimal combination weights
followed by estimation of the constant term which controls the optimal bias. This
simpli0es the estimation problem greatly since typical estimation procedures require

1 See, e.g., the extensive survey by Clemen (1989). More recently Chan et al. (1999), Marcellino (2002),
Newbold and Harvey (2001) and Stock and Watson (1999) have found evidence that combined forecasts
often outperform forecasts from the best individual model. Reasons o9ered for the empirical success of
forecast combinations include model misspeci0cation, changes in the underlying parameters, di9erent models’
use of heterogenous information and shrinkage estimation e9ects. See Hendry and Clements (2002) for a
discussion of these points.

2 Hence even if the mapping from forecasts to portfolio weights is linear, there will be a highly nonlinear
mapping from the forecasts to the performance metric.
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search methods which can be diJcult if the dimensions of the parameter vector is
large.
An often quoted ‘folk theorem’ in the forecast combination literature is that using

average as opposed to optimal weights often works better in practice. 3 The reason is
that it can be diJcult to precisely estimate the optimal forecast combination weights.
Equal-weighted forecast combinations may be biased but they also reduce the forecast
error variance by not relying on estimated combination weights that depend on second
moments of forecast errors. This 0nding depends, however, on the trade-o9 between
forecast error bias and variance (as well as higher order moments in the case of
asymmetric forecast errors) which in turn depends on the shape of the loss function.
Consequently this ‘folk theorem’ can be overturned under asymmetric loss functions
and asymmetrically distributed forecast errors.
We 0nally address estimation of optimal combination weights in a much more gen-

eral context than the existing literature. For general di9erentiable loss functions such as
linex we propose to estimate the forecast combination weights using M estimation. For
the lin–lin loss function estimation can be cast in the context of a quantile regression
problem. For asymmetric quadratic loss, we propose an iterated weighted least squares
estimation approach. The performance of these and other estimators is examined in
Monte Carlo simulations.
The plan of the paper is as follows. Section 2 reviews results for the standard case

with mean squared error loss. Section 3 provides theoretical results for the general
case with arbitrary loss function and forecast error distribution. Section 4 considers
three commonly used asymmetric loss functions and Section 5 investigates forecast
combinations in the context of Gaussian mixture distributions. Section 6 discusses
estimation of the optimal combination weights, while Section 7 presents Monte Carlo
simulation results. Section 8 provides an empirical application to in1ation forecasting
and Section 9 concludes.

2. Forecast combination under mean squared error loss

Suppose a decision maker is interested in forecasting some variable, yt , on the basis
of an m-vector of forecasts of this variable ŷt . Each element of ŷt is determined ex
ante and is adapted to an expanding sequence of information sets, �t , which constitutes
a standard 0ltration. Hence ŷt is adapted to �t−1, whereas yt is not. 4 �t−1 comprises
yt−1 in addition to other variables used to predict yt . We will assume that yt and ŷt
have joint distribution P((yt ŷ′

t)
′) with 0nite 0rst and second moments

E

(
yt

ŷt

)
=

(
�y

\

)
(1)

3 See, e.g., Granger (1989), Stock and Watson (1999) and Fildes and Ord (2001).
4 Thus we are only ruling out the uninteresting case where yt is perfectly predictable.
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and

Var

(
yt

ŷt

)
=

(
�2
y �′

21

�21 �22

)
: (2)

To keep the notation simple, we suppress the dependence of the joint distribution and
moments on �t−1, simply using P (:), E[:] and Var (:) in place of P(:|�t−1);E[:|�t−1]
and Var(:|�t−1).
Motivated by the seminal paper of Bates and Granger (1969), the forecast combina-

tion literature has studied the class of linear forecast combinations, !c + �′ŷt , where
� is an m-vector of combination weights and !c is a scalar constant. This gives rise
to a forecast error, et , from the combination,

et = yt − !c − �′ŷt : (3)

Under the assumed moment structure et has 0rst and second moments

�e = �y − !c − �′�;

�2
e = �2

y + �′�22�− 2�′�21: (4)

Assuming the loss is quadratic and symmetric in the forecast error, L(et) = e2t , the
objective is to minimize the following expression:

E[(yt − �c − �′ŷt)2] = (�y − !c − �′�)2 + �2
y + �′�22�− 2�′�21: (5)

The optimal population values of the constant and the vector of combination weights,
!c

0 and �0, are thus 5

!c
0 = �y − �′

0\;

�0 = �−1
22 �21: (6)

The sample analog of these weights is of course the usual least squares estimator
for the outcomes regressed on a constant and the vector of forecasts (Granger and
Ramanathan, 1984). This solution takes an interesting form: the vector of combination
weights depends only on the variance–covariance matrix of the outcome and the pre-
dictions. Given the optimal weights, �0, the optimal constant depends on the biases
in the forecasts but not directly on the variance–covariance matrix, although it will of
course depend on this indirectly through �0. The inclusion of a constant ensures that
the combined forecast is unbiased since !c

0 can be chosen such that �e = 0, which is
optimal under MSE loss. For any variance–covariance matrix, and hence �, !c

0 adjusts
to ensure that the combined forecast has the optimal bias.
Bayesian solutions to the forecast combination problem under quadratic loss have

also been proposed. Palm and Zellner (1992) develop a general Bayesian framework
for combinations where individual forecasts can be biased and the covariance matrix
of the forecast errors may be unknown.

5 We shall generally be assuming that the covariance matrix �22 is invertible, but see further below for
a discussion of this point.
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3. Forecast combination under general loss functions and forecast error distributions

While the MSE loss function may be a useful approximation in some cases, recent
interest has focussed on extending existing results to allow for more general asymmetric
loss functions. Tay and Wallis (2000) provide several references to this literature.
Christo9ersen and Diebold (1997) develop the theory for optimal bias adjustment in the
case of commonly used asymmetric loss functions when the moments of the underlying
error distribution vary over time, such as under volatility clustering, but maintain the
assumption that (conditionally) the forecast errors follow a Gaussian distribution.
None of these results have been extended to the forecast combination literature. To

0ll out this gap, this section develops results for optimal forecast combinations under
general loss functions and forecast error distributions. We then explore the signi0cance
of the factors determining the optimal combination weights for the most commonly
used asymmetric loss functions such as lin–lin, linex and asymmetric quadratic loss.

3.1. The loss function

We will be concerned with loss functions that only depend on the forecast error
and thus take the form L(et). We assume L(:) has the following properties (Granger,
1999):

1. L(0) = 0;
2. Mine L(e) = 0, so L(e)¿ 0;
3. L(e) is monotonic nondecreasing as e moves away from zero:

L(e1)¿L(e2) if e1 ¿e2¿ 0 or if e1 ¡e26 0:

In addition to these properties, the loss function may also be symmetric (L(−e) =
L(e)), homogenous (L(ae)=h(a)L(e) for some positive function h(a)) and di9erentiable
up to some order.
Under quadratic loss forecasting and decision problems can be separated and only the

conditional mean of the predicted random variables matter due to certainty equivalence.
This does not hold for more general loss functions. Thus, if the object of the analysis
is to derive a decision maker’s optimal actions, in general the entire forecast density
matters rather than simply the point forecast. However, there are cases where certainty
equivalence can still be established for risk-averse or risk-seeking decision makers, cf.
Whittle’s (1983) risk-sensitive optimal control method. Alternatively, one can think of
situations where the forecast is the decision, as in the case of information services
that provide a single forecast for multiple users (e.g., 0nancial analysts or international
organizations such as the IMF or OECD).
The decision maker’s problem is to 0nd the optimal forecast combination weights

and a constant that minimize expected loss:

min
!c;�

∫
L(et) dF(et); (7)

where F(et) is the cumulated density of et .
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Optimal forecast combination weights generally depend on the shapes of both the
loss function and the forecast error distribution. This can be seen from the following
result:

Proposition 1. Suppose that (1) the expected loss is !nite, (2) the loss function is
analytic except for possibly at a !nite number of points (occurring with probability
zero) at which it is continuous; and (3) all moments of the forecast error distribution
up to the highest non-zero derivative of the loss function with respect to the forecast
combination weights exist.
Then the optimal combination weights solve the expression

min
!c;�

{
L(�e) +

1
2
L′′
�eE[(et − �e)2] +

∞∑
m=3

Lm�e

m∑
i=0

1
i!(m − i)!

E[em−i
t �i

e]

}
:

where Lk�e = @kL(et)=@k�|et=�e .

The result follows from noting that, at the points where L(:) is analytic and thus
can be represented by a power series, cf. Rudin (1964, p. 158), it lends itself to a
Taylor-series expansion around �e:

L(et) = L(�e) + L′
�e(et − �e) +

1
2
L′′
�e(et − �e)2 +

∞∑
k=3

(
1
k!

)
Lk�e(et − �e)k :

Taking expectations, the 0nite number of points where L(:) is not analytic can be
ignored since they are assumed to occur with probability zero. Thus:

E[L(et)] = L(�e) +
1
2
L′′
�eE[(et − �e)2] +

∞∑
k=3

(
1
k!

)
Lk�eE[(et − �e)k ]

= L(�e) +
1
2
L′′
�eE[(et − �e)2] +

∞∑
k=3

(
1
k!

)
Lk�e

k∑
i=0

(
k

i

)
E[ek−i

t �i
e]

= L(�e) +
1
2
L′′
�eE[(et − �e)2] +

∞∑
k=3

Lk�e

k∑
i=0

1
i!(k − i)!

E[ek−i
t �i

e]:

The second assumption does not rule out loss functions such as lin–lin which are
non-di9erentiable at a single point. The third assumption requires that all moments
exist for which the corresponding derivative of the loss function with respect to the
forecast error is non-zero. This is a strong requirement and rules out many potential
combinations of loss functions and forecast error distributions. 6

6 For example, combining a t-distribution with three degrees of freedom with a loss function whose fourth
derivative is non-zero will result in a non-existing expected loss. Another example comes from the linex
loss function, whose higher order derivatives are all non-zero. All moments of the forecast error distribution
must therefore exist to ensure that the expected loss is well de0ned.
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When the loss function is not linear or quadratic, higher order moments of the
forecast error distribution such as the skew generally matter. It is not surprising that
asymmetry in the loss function interacts with asymmetry in the underlying distributions
of the outcomes and forecasts that are being combined. Suppose that the decision maker
dislikes positive forecast errors more than negative ones. Now consider moving mass
of the distribution to the right, so the underlying distribution is positively skewed. The
loss function prefers lower probability of positive forecast errors when choosing the
combination weights. The extent of the asymmetry in the loss function drives the size
of this e9ect. Hence the combination weights are clearly a function of the parameters
of the loss function. There is also a large e9ect on the optimal constant. When positive
forecast errors are to be avoided, the constant is chosen to ensure that the forecast
error distribution is centered to the left of zero.

3.2. Elliptically symmetric data

In special cases only the constant (!c) depends on the shape of the loss func-
tion, while the forecast combination weights are unaltered from the case with MSE
loss:

Proposition 2. Suppose that the expected loss can be written as E[L(et)] = g(�e; �2
e)

and let �∗
e be the optimal value for �e. Then if the partial derivative @g(�∗

e ; �
2
e)=@�

2
e

is nonzero,

(i) �0 = �−1
22 �21;

(ii) !c
0 is the solution to @g(�∗

e ; �
2
e)=@�e = 0.

The result follows since !c only appears in �e, so the optimal value for this parameter
solves

@g(�e; �2
e)

@!c =
@g(�e; �2

e)
@�e

@�e
@!c = −@g(�e; �2

e)
@�e

= 0:

This is the result in part (ii) of the proposition. This choice for !c sets �e at its
optimal point (�∗

e ). The optimal value for � therefore solves

@g(�∗
e ; �

2
e)

@� =
@g(�∗

e ; �
2
e)

@�2
e

@�2
e

@� = 0:

Furthermore, @�2
e =@�=2(�22�−�21) so the solution is as stated so long as @g(�∗

e ; �
2
e)=

@�2
e �= 0. The second order condition is satis0ed as long as the loss function satis0es

conditions (1)–(3) above.
Proposition 2 shows that the optimal forecast combination weights are identical to

the MSE weights for a wide set of loss functions provided that the marginal distri-
bution of the forecast errors depends only on the 0rst two moments of the forecast
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errors. 7 The general class of distributions for which this is true is for P((yt ŷ′
t)

′)
elliptically symmetric. 8 The multivariate normal is a special case of this family, as is
the multivariate t-distribution. We shall for simplicity refer to distributions satisfying
the assumptions of Proposition 2 as elliptically symmetric.
Proposition 2 has two important implications. First, estimation of forecast combina-

tion weights under asymmetric loss simpli0es to a two-stage procedure (see Section 6.2
below for details). The second implication is that departures from elliptical symmetry
are needed to drive the forecast combination weights away from their solution under
MSE loss. If, under elliptical symmetry, a forecast adds information (in the sense that
it has a non-zero combination weight) under MSE loss, it will also add information
under arbitrarily asymmetric loss functions. The converse also holds—if the forecast is
not useful under MSE loss then it will not be useful for any other loss function:

Corollary 1. Suppose that the conditions of Proposition 2 hold. Then a forecast gets
assigned a non-zero weight in the combined forecast under a general loss function if
and only if its weight under MSE loss is non-zero.

This result stands in stark contrast to the results we obtain under general forecast
error distributions. For suJcient deviation from elliptical symmetry (particularly when
there is skew in the forecast errors) the weights on the forecasts will depend on the
loss function. However, under elliptically symmetric forecast errors, decision makers
agree on the value of prediction signals irrespective of their loss function. 9 They could
well disagree about the need to include an intercept as this depends on the shape of
the loss function.
When elliptical symmetry is abandoned, a particular forecast or subset of forecasts

may contain information under MSE loss but not under asymmetric loss. The converse
may also hold: a forecast could be assigned a non-zero weight under asymmetric loss
but not under MSE loss. We state this result in Corollary 2 which is the natural
converse of Corollary 1 which was established under elliptical symmetry:

Corollary 2. Suppose that the conditions of Proposition 2 do not hold. Then
(i) a forecast may contain information under MSE loss but not under alternative

(asymmetric) loss functions;
(ii) a forecast may contain information under asymmetric loss but not under MSE

loss.

7 This implication is closely related to the result in 0nance that the distribution of a portfolio is determined
by the mean and variance in these situations, see Chamberlain (1993). Under symmetry restrictions on both
the loss function and the forecast error distribution Granger (1969) obtains a related result.

8 X is elliptically symmetric, ES(\;�); if its density takes the form k|�|−1=2g((x − \)′�(x − \)), where
k is an arbitrary constant and g(:) is any function that represents a density.

9 Notice also the relationship between Corollary 1 and the result in Diebold et al. (1998) that decision
makers with di9erent loss functions cannot generally agree in their ranking of misspeci0ed predictive density
models. Provided that the forecast errors are elliptically symmetric, our result says that decision makers can
agree about what is a useful forecast even if the forecasts are individually misspeci0ed.
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The above results allow for arbitrary correlations between the forecast errors, as
long as the covariance matrix �22 is invertible. This condition is unimportant since
linearly dependent forecasts would always be dropped from the combination. Serial
correlation, on the other hand, is more diJcult to handle in our setup. One possibility
is to include extra regressors in the forecast combination and use these to absorb any
serial correlation that is still present in the combined forecast. An iterative procedure
would (a) estimate the combined forecast under the assumed loss function; (b) test for
serial correlation in the errors from the combined forecast; (c) add the lagged combined
or individual forecasts as extra ‘forecasts’ if there is evidence of serial correlation in
the (combined) forecast error; repeat step (a) and continue the iteration until there is
no serial correlation. An alternative strategy, proposed by Diebold (1988), is to use
an estimator that allows the forecast errors from the combination model to follow a
0nite-order ARMA process.

3.3. Forecast encompassing tests

An alternative to the strategy of forecast combination is to simply use a single
forecast. This situation arises when the forecast produced by one model, B, does not
add anything to the forecast from another model, A. In this situation, model A is said
to forecast encompass model B. Under MSE loss usually this is tested by least squares
estimation of the equation

yt+1 = �+ �AŷA
t+1 + �BŷB

t+1 + �t+1: (8)

If the joint hypothesis that �A=1; �B=0 cannot be rejected, model A forecast encom-
passes model B.
An implication of the previous two propositions and corollaries is the following

Proposition 3. Suppose that the assumptions of Proposition 2 hold. Then if model A
forecast encompasses model B under MSE loss, model A also encompasses model B
for any other loss function.
Conversely, if these assumptions do not hold, it is possible that model A forecast

encompasses model B under MSE loss but not under an alternative loss function or
that model A does not forecast encompass model B under MSE loss, but does so
under the alternative loss function.

When forecast errors are not generated by an elliptically symmetric distribution, it
follows that it is not possible to set up a universal encompassing test since the outcome
will depend on the speci0c loss function. Encompassing tests will be speci0c to the
loss function.
Min and Zellner (1993) determine the factors that may lead a single forecast to

dominate the strategy of combining multiple forecasts. When the individual forecasts
are either unbiased or have a bias of the same magnitude, some degree of forecast
combination is often optimal. In contrast, when one forecast is more heavily biased
than the others and a constant is not included in the forecast combination, it becomes
more likely that individual forecasts will dominate forecast combinations.
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4. Results for speci#c loss functions

To demonstrate the general results from the previous section, this section consid-
ers three commonly entertained asymmetric loss functions, namely linex, lin–lin and
asymmetric quadratic loss.

4.1. Linex loss

The linex loss function was introduced by Varian (1974) in the context of losses
associated with real estate assessments. Zellner (1986) gave a comprehensive treatment
of Bayesian predictions for this loss function. Linex loss takes the form

L(et) = exp(aet) − aet − 1: (9)

The parameter a controls the extent of asymmetry. If a¿ 0, there are large losses from
positive forecast errors and the losses are higher the larger the value of a. If a¡ 0,
large losses result from negative forecast errors and the losses are larger, the smaller
is a. The expected loss is

E[L(et)] =Me(a) − a�e − 1; (10)

where Me(a) is the moment generating function of the forecast errors and thus depends
on their marginal distribution. Eq. (10) shows that the expected linex loss only exists
when the forecast error distribution has an in0nite number of moments. 10 Di9erenti-
ating the expected loss with respect to !c and � yields the 0rst order conditions

@E[L(et)]
@!c =

@Me(a)
@!c + a= 0;

@E[L(et)]
@� =

@Me(a)
@� + a\ = 0: (11)

These equations fully characterize the solution to the optimal weights as a function of
the parameters of the underlying forecast error distribution and of the loss function (a).
In common with most other asymmetric loss functions, (11) is generally a highly

nonlinear function in the forecast combination weights and simple closed form solutions
are typically not available. An exception arises when the forecast errors are normally
distributed. In this case Me(a) = exp{a�e + (a2=2)�2

e}, and the optimal constant is
given by

!c
0 = �y − �′

0\ +
a
2
�2
e :

10 This follows from Proposition 1 since all derivatives of the linex loss function are nonzero. The primitive
condition in Proposition 2 requires that

@Me(a)
@�e

= a�e exp
{
a�e +

a2

2
�2e

}
�= 0:

This is always satis0ed, except in the trivial case with perfect forecasts (�e = 0).



G. Elliott, A. Timmermann / Journal of Econometrics 122 (2004) 47–79 57

Under normality of the forecast errors, the optimal population bias from the combined
forecasts is �e=−(a=2)�2

e . This is the optimal bias derived in Christo9ersen and Diebold
(1997) for the univariate linex forecasting problem. The expression has an intuitive
interpretation: when a¿ 0; large losses follow from positive forecast errors and it is
optimal to choose a positive constant so that the forecast errors have a negative mean.
The forecast error distribution is hence biased towards negative losses to avoid the high
penalties associated with positive losses. The reverse is true when the decision maker
tries to avoid negative losses (i.e. a¡ 0). In both cases, the larger is a the larger the
penalty so the larger the bias. The larger the variance of the forecast errors the higher
the chance of large forecast errors and hence the more the combination gets biased to
reduce the chance of large losses.

4.2. Lin–lin loss

A popular way of capturing asymmetries in the loss function is to let losses take
one form for forecast errors over and above a certain threshold, �, and another form
for forecast errors below this value:

L(et) =

{
L1(et) if et ¿�;

L2(et) if et6 �:

L1(�) = L2(�) ensures continuity. Setting � = 0 and assuming that L(:) is piecewise
linear, we get the lin–lin loss function:

L(et) =

{
(1 −  )|et | if et ¿ 0;

 |et | if et6 0;
(12)

where 0¡ ¡ 1: Using an indicator function, the lin–lin loss function can be rewritten
as

L(et) = {− + 1et¿0}et : (13)

Minimizing this expression over the constant and combination weights is equivalent to
solving the problem

min
!c;�

{− + 1et¿0}et :

The expected loss to be minimized is thus

E[L(et)] =
∫ ∞

0
et dF(et) −  �e;

where F(et) is the cumulative density function of the forecast error. Expressing et as
et = �e + �ezt , so zt is the centered and standardized forecast error with density fz(:)
and cumulative density Fz(z), the expected loss is

E[L(et)] = �e

(
1 −  − Fz

(
−�e
�e

))
+ �e

∫ ∞

−�e=�e
zt dFz(zt): (14)

Derivatives of L(:) with respect to !c and � are diJcult to interpret as in general the
marginal distribution Fz(:) will itself depend on (!c;�). An exception to this occurs
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when et is Gaussian and, using Leibnitz’ rule of integration, the 0rst order condition
for the constant simpli0es to

1 −  − #
(

−�e
�e

)
= 0;

where #(:) is the cumulative density of a standard normal variate.
Recalling that �e = �y − !c − �′

0\ and using the symmetry of #(:) we obtain a
closed-form solution for the scalar intercept term: 11

!c
0 = �y − �′

0\− �e#−1( ): (15)

The direction of the bias can be evaluated using �e=�e#−1( ). For  =0:5, the loss
function is symmetric and the forecast error is unbiased. For  ¡ 1=2, higher weight
is placed on positive errors. To lower the probability of large losses associated with
positive forecast errors the optimal combination biases the mean forecast error to be
negative (#−1( )¡ 0) irrespective of the covariance matrix of the underlying forecasts.
The reverse is true when  ¿ 1=2. As with linex loss, the size of the bias increases as
the forecast error variance rises, to better avoid high loss outcomes.

4.3. Asymmetric squared loss

The asymmetric squared loss function takes the form

L(et) =

{
(1 −  )e2t if et ¿ 0;

 e2t if et6 0;
(16)

where 0¡ ¡ 1. Minimizing this expression over !c;� is equivalent to solving

min
!c;�

{ − (2 − 1)1et¿0}e2t : (17)

Again we can write et = �e + �ezt and change variables in the expression for the
expected loss:

E[L(et)] =  (�2
e + �2

e) − (2 − 1)
{
�2
e(1 − Fz(−�e=�e))

+ �2
e

∫ ∞

−�e=�e
z2t dFz(zt) + 2�e�e

∫ ∞

−�e=�e
zt dFz(zt)

}
: (18)

11 The assumption of Proposition 2 can be veri0ed under symmetry of the forecast errors by di9erentiating
the expected loss with respect to �e, evaluated at �∗

e :
@
@�e

E[L(et)] =
∫ ∞

−�∗
e =�e

zt dFz(zt)

=
∫ �∗

e =�e

−�∗
e =�e

zt dFz(zt) +
∫ ∞

�∗
e =�e

zt dFz(zt)

=
∫ ∞

�∗
e =�e

zt dFz(zt)¿ 0;

by symmetry of dFz(:) around zero.
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Taking derivatives with respect to � yields the 0rst order condition

0=  (�22�− �21 − �e\)

− (2 − 1)
{

−\
∫ ∞

−�e=�e
(�e + �ezt) dFz(zt)

+
1
�e

(�22�− �21)
∫ ∞

−�e=�e
(�e + �ezt)zt dFz(zt)

}
:

The 0rst order condition for the constant term takes the complicated form

!c
0 = �y − �′

0\−
(2 − 1)�e

∫∞
−�e=�e

zt dFz(zt)

 − (2 − 1)(1 − Fz(−�e=�e))
: (19)

This term does not simplify nicely even in the Gaussian case. Only when  = 0:5,
do we get the closed-form solution �0 =�−1

22 �21 and !c
0 =�y −�′

0\, which is identical
to the MSE result from Section 2. For most other cases, the above formulas do not
provide a closed-form solution to !c

0 since �e is itself a function of this constant and
one must again resort to solution methods. 12

5. Mixture distributions

Section 3 showed that departures from elliptical symmetry are needed to get com-
bination weights that di9er from the standard MSE weights. To examine the e9ect of
such departures, this section considers models where the joint distribution is a mixture
of k normals. Such mixture distributions are capable of closely approximating a very
wide family of distributions 13 and, when applied to our setup, take the form

f(et |!c;�) =
k∑

i=1

pi%�i(et − �i);

k∑
i=1

pi = 1; 0¡pi6 1: (20)

where �i = �yi − !c − �′\i, �2
i = �2

yi + �′�22i� − 2�′�21i are the state-speci0c mean
and variance and %�i is the normal density with mean zero and standard deviation �i.
For example, when k = 2, with probability p1; P((yt ŷ′

t)
′) is N (\1;�1) while with

probability (1 − p1), P((yt ŷ′
t)

′) is N (\2;�2).
This speci0cation allows us to introduce skew and kurtosis while controlling the 0rst

and second moments. In addition, elliptically symmetric distributions can be obtained

12 One exception is provided by Weiss (1996) who assumes a uniform distribution and derives closed-form
solutions for the optimal weights under asymmetric quadratic loss.
13 Marron and Wand (1992) show how such mixtures can be used to generate a wide assortment of

distributional shapes.
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as a special case of the mixtures. Let Xt be an m× 1 vector which has a multivariate
normal mixture distribution (\i ;�i) with k states. Then if \i=\ and �i= 'i� for some
scalar 'i then Xt is elliptical. This follows as for an elliptical distribution we need to
be able to write the joint density as

f(x) = h(|V|)−1=2g((x − b)′V−1(x − b)): (21)

The joint density for Xt is

f(x) =
k∑

i=1

pi(2()−n=2|�i| exp
{

−1
2
(x − \i)′�−1

i (x − \i)
}

= (2(n |�|)−1=2
k∑

i=1

pi'i exp
{

−'i
2
(x − \)′�−1(x − \)

}
:

Thus the result is shown for V=�; b=\; h(V)=2(n|V|; g(s)=∑k
i=1 pi 'i exp{−('i=2)s}.

When there exists at least one pair, i �= j, for which \i �= \j, the mixture generally
falls outside the elliptically symmetric family.

5.1. An example

Many time series in economics and 0nance are skewed or fat-tailed. To disentangle
the e9ect of skewness and kurtosis on the optimal forecast combination weights under
asymmetric loss, we separately consider a model with skew and a model with kurtosis.
Both models have two states. The skew model assumes the 0rst state has a probability
of 0.6 with distribution such that \1 = 0 and

�1 =




1 0:2 0:15

0:2 0:25 0:125

0:15 0:125 0:2


 :

In state two \1 = (0:5; 0:5; 0:5)′ and �2 = 0:1�1.
E9ectively the second state is shifted to the right and more tightly distributed around

its mean. This example is chosen to match certain properties often found in macroeco-
nomic and 0nancial time series. The volatility of the forecasts of such series is typically
an order of magnitude smaller than the volatility of the realizations. Furthermore, di9er-
ent forecasts are typically strongly correlated. We chose our parameters to match these
two e9ects. 14 It is often the case that regime-switching models identify a high and a
low volatility regime, cf. Perez-Quiros and Timmermann (2001), and we capture this
by the scaling of the covariance matrix in the two regimes. This means that the high
volatility state has volatility about three times higher than the low volatility regime.

14 At 0.7, the correlation between the two forecasts, ŷ 1t and ŷ 2t , is quite high.
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Fig. 1. Optimal combination weights and constant (lin–lin loss).

The kurtosis mixture model assumes that the probability of the 0rst state is 0.2 with
\1 = (0:5; 0:5; 0:5)′ and

�1 =




1 0:2 0:15

0:2 0:25 0:125

0:15 0:125 0:25


 :

In state two \1 = \2 and �2 = �1=15.
The moments of each of the variables are:

Outcome 1st forecast 2nd forecast

Skew Kurtosis Skew Kurtosis Skew Kurtosis

Model 1 −0:574 3:722 −0:901 2:466 −0:942 2:213

Model 2 0:000 9:515 0:000 9:515 0:000 9:515

Model 1 has negative skew for all three variables but little or no excess kurtosis.
Model 2 has strong kurtosis but no skew and is thus non-normal but nonetheless
elliptically symmetric. The e9ect on the population weights of varying  under lin–lin
loss is shown in Fig. 1. The extent of the asymmetry clearly matters for the optimal
combination weights in the skew model. In contrast—and consistent with Proposition
2—the combination weights derived under the kurtotic mixture model are independent
of  . Results are similar under asymmetric quadratic loss.
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6. Estimation of forecast combination weights

In practice, forecast combination weights must be estimated from past data. This in-
volves assumptions as to the stability over time of the joint distribution of the predicted
variable and prediction signals. The empirical evidence of employing estimation meth-
ods based largely on least squares is surveyed in Clemen (1989) and further discussed
by Diebold and Lopez (1996).

6.1. Moment estimators

In general we are interested in choosing the constant and the combination weights
!c;� that minimize the expected loss. The realized loss in period t, which we denote
by Qt(!c;�), can be written as

Qt(!c;�) = L(!c;�|yt; ŷt ; X);

where X are the parameters of the loss function. !c and � can be obtained as an
M -estimator based on the sample analog of E[Qt] using n observations {yt; ŷt}nt=1:

15

Q(!c;�) = n−1
n∑

t=1

Qt(!c;�):

An estimator that is available when we can interchange the expectation operator and
the derivative of Qt with respect to !c and �, 16 @Qt=@((!c �′)′) =Q′

t , selects !c;�
to satisfy the 0rst order condition

E[Q′
t(!

c;�)] = 0:

The corresponding sample analog is the average over the n observations. One problem
with this method is that it can give rise to multiple solutions even when the M -statistic
is regular.
A second method is related to instrumental variables estimation of a nonlinear re-

gression and can therefore be handled in a GMM framework. The GMM approach
estimates � by minimizing the quadratic form

V =

(
n∑

t=1

Q′
t(!

c;�)
)′

A−1

(
n∑

t=1

Q′
t(!

c;�)
)
; (22)

where A is some positive de0nite matrix. The optimal weighting matrix is standard
from GMM problems. An advantage of the M -estimator is that there are a wealth of
results available for consistency and asymptotic normality of the estimated weights. A
similar result is true for the GMM estimator.

15 Other examples of estimators of this form include maximum likelihood estimators, where Q is replaced
by minus one times the log-likelihood.
16 This assumption obviously imposes a restriction on the distribution of the forecast error.
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6.1.1. Linex loss
These estimation methods can be demonstrated for the linex loss function. For this

case, Qt(!c;�) takes the form

Qt(!c;�) = exp(a(yt − !c − �′ŷt)) − a(yt − !c − �′ŷt) − 1:

GMM estimation is based on the derivative, Q′
t :

Q′
t = a(1 − exp(a(yt − !c − �′ŷt)))

(
1

ŷt

)
: (23)

The solution to this is equivalent to the nonlinear IV estimator obtained from the
regression

1 = exp{a(yt − !c − �′ŷt)} + ut

using (1; ŷ′
t)

′ as instruments.

6.1.2. Lin–lin loss
Recall that the lin–lin loss can be written

L(et) = {(1 −  )|et |1et¿0 +  |et |1et60}:
This is precisely the loss function associated with the quantile regression problem, cf.
Koenker and Basset (1978) and Buchinsky (1992).
Assuming independently and identically distributed forecast errors, the function to

be minimized becomes

Qt(!c;�) = 1
T


(1 −  )

∑
{t:yt¿!c+�′ŷt}

|yt − !c − �′ŷt |

+  
∑

{t:yt6!c+�′ŷt}
|yt − !c − �′ŷt |


 :

Buchinsky (1992) shows that this can be rewritten to 0t in a method of moments
framework. De0ne the sign function s(0) = 10¿0 − 1060. Then the objective function
takes the form

Qt(�) =
1
T

T∑
t=1

{
1
2

−  +
1
2
s(yt − !c − �′ŷt)

}
(yt − !c − �′ŷt): (24)

Di9erentiating with respect to (!c;�); the 0rst order conditions are

Q′
t =




1
T

T∑
t=1

{
1
2

−  +
1
2
s(yt − !c − �′ŷt)

}

1
T

T∑
t=1

{
1
2

−  +
1
2
s(yt − !c − �′ŷt)

}
ŷt


= 0; (25)

which again 0ts into the GMM Framework. Buchinsky (1992) suggests using the sim-
plex method to solve for the parameters.
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6.1.3. Asymmetric squared loss
The asymmetric squared loss function can be written as

L(et) = {(1 −  )e2t 1et¿0 +  e2t 1et60}:
The loss function,

L∗(et) = |1 −  − 1et60|e2t (26)

is in the same homogenous class as L(et) and the solution (!c;�′)′ minimizing the
two is the same. L∗(et) is the loss function associated with the “expectile” regression
problem examined in Newey and Powell (1987).
We choose the constant and forecast combination weights (!c;�′)′ to minimize

Qt(!c;�) = 1
T

T∑
t=1

|1 −  − 1yt6!c+�′ŷt |(yt − !c − �′ŷt)2: (27)

This function is continuously di9erentiable and iterated weighted least squares can
therefore be used to estimate the forecast combination weights. The estimator at itera-
tion n becomes

�̂n =

(
T∑
t=1

kt;n−1ỹt ỹ′
t

)−1( T∑
t=1

kt;n−1ỹtyt

)
; (28)

where ỹt = (1 ŷ′
t)

′ and the scalar weights kt;n−1 are constructed according to

kt;n−1 = |1 −  − 1yt¡�̂′
n−1ỹt |: (29)

6.2. Estimation under elliptical symmetry

When the forecast errors are elliptically symmetric, a simple two stage procedure is
suggested by our theoretical results in Section 3:

(i) Estimate �̂ by OLS, regressing yt on a constant and ŷt
(ii) Use the constructed variable yt − �̂′ŷt to estimate !̂c based on the relevant loss

function (as above).

In this case the estimation problem is much simpler since the optimization procedure
only has to search over a one dimensional parameter space regardless of the number
of forecasts we are combining.
The methods require P((yt ŷ′

t)
′) to be elliptically symmetric for optimality but may

work well for minor deviations from this distribution. This suggests that it is important
to have a test for elliptical symmetry. Zhu and Neuhaus (2000) propose nonparametric
Monte Carlo tests that could be useful. Another strategy is to test for elliptical symmetry
on the marginals. This is a useful procedure since, under joint elliptical symmetry, the
marginals are also symmetric and departures from symmetry of the marginals imply
that the joint distribution is not elliptically symmetric. Thus simple tests for skewness
in the marginals will have power to detect deviations from elliptical symmetry.
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Table 1
Average loss for linex loss function

a Loss M -est OLS OLSc AVE AVEc For1 For1c For2 For2c

Skewed mixture
−1.25 0.28 1.08 1.36 1.08 1.30 1.05 1.35 1.09 1.46 1.16
−1.00 0.27 1.06 1.23 1.07 1.18 1.04 1.22 1.07 1.31 1.14
−0.75 0.26 1.05 1.14 1.05 1.10 1.03 1.13 1.06 1.21 1.13
−0.25 0.32 1.04 1.05 1.04 1.01 1.02 1.04 1.05 1.11 1.11
0.25 0.32 1.04 1.05 1.04 1.01 1.02 1.05 1.05 1.11 1.11
0.75 0.26 1.05 1.14 1.06 1.10 1.03 1.14 1.06 1.21 1.13
1.00 0.27 1.06 1.23 1.07 1.19 1.04 1.23 1.08 1.32 1.15
1.25 0.28 1.07 1.36 1.08 1.31 1.06 1.36 1.09 1.47 1.17

Kurtotic mixture
−1.25 0.13 1.17 1.21 1.11 1.12 1.05 1.15 1.07 1.33 1.22
−1.00 0.12 1.13 1.16 1.10 1.08 1.04 1.10 1.05 1.25 1.20
−0.75 0.11 1.10 1.12 1.09 1.05 1.03 1.06 1.05 1.20 1.18
−0.25 0.16 1.08 1.08 1.08 1.02 1.02 1.03 1.04 1.15 1.16
0.25 0.16 1.08 1.08 1.08 1.02 1.02 1.03 1.04 1.15 1.16
0.75 0.11 1.11 1.12 1.09 1.05 1.03 1.06 1.05 1.20 1.18
1.00 0.12 1.13 1.16 1.10 1.08 1.04 1.10 1.05 1.25 1.20
1.25 0.13 1.17 1.21 1.11 1.12 1.05 1.15 1.07 1.33 1.22

Note: The 0rst column reports the value of the parameter, a, controlling asymmetry. The second column
gives the population expected loss scaled by the square of the asymmetry parameter. Other entries give
average loss over 5,000 Monte Carlo replications based on estimates of the forecast combination weights
and the constant from 100 observations. These losses are scaled by the population loss. OLS refers to the
estimation of the combination weights by OLS; AVE refers to the equal-weighted forecast combination.
Fori refers to forecast i alone. Names ending with c refer to the corresponding estimation technique for the
weights followed by optimal estimation of the constant.

7. Monte Carlo results

This section reports on the performance of the various estimation procedures applied
to the linex, lin–lin and asymmetric quadratic loss functions under the two mixture
models in Section 5. In each case we combine two forecasts and assume that a sample
of 100 observations is available to estimate the combination weights. All results are
based on 5,000 Monte Carlo simulations.

7.1. Expected losses

Tables 1–3 examine the expected loss under linex, lin–lin and asymmetric loss. We
report the ratio of the expected loss under the estimated weights relative to the loss
under the optimal population weights:

E[L(e|�̂)]
E[L(e|�opt)]

:

Results are shown for each of the estimation methods considered in Section 6. The
0rst column reports the value of the asymmetry parameter of the loss function. The
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Table 2
Average loss for lin–lin loss function

 Loss Quantile OLS OLSc AVE AVEc For1 For1c For2 For2c

Skewed mixture
0.1 0.13 1.06 2.08 1.08 2.04 1.07 2.07 1.09 2.13 1.12
0.2 0.19 1.03 1.39 1.06 1.36 1.05 1.38 1.07 1.42 1.10
0.3 0.23 1.03 1.15 1.04 1.13 1.03 1.15 1.04 1.18 1.07
0.4 0.26 1.03 1.05 1.02 1.03 1.01 1.05 1.03 1.08 1.06
0.5 0.26 1.03 1.02 1.02 1.00 1.01 1.02 1.02 1.05 1.05
0.6 0.26 1.03 1.05 1.03 1.03 1.01 1.04 1.03 1.08 1.06
0.7 0.23 1.03 1.15 1.04 1.13 1.02 1.14 1.04 1.18 1.07
0.8 0.19 1.03 1.38 1.06 1.35 1.05 1.37 1.06 1.41 1.09
0.9 0.13 1.06 2.06 1.08 2.03 1.07 2.06 1.08 2.12 1.12

Kurtotic mixture
0.1 0.08 1.08 1.85 1.05 1.79 1.02 1.80 1.03 1.91 1.09
0.2 0.11 1.05 1.35 1.04 1.30 1.01 1.31 1.02 1.39 1.08
0.3 0.13 1.04 1.15 1.04 1.11 1.01 1.12 1.02 1.19 1.08
0.4 0.14 1.03 1.07 1.04 1.03 1.01 1.04 1.02 1.10 1.08
0.5 0.15 1.03 1.04 1.04 1.00 1.01 1.01 1.02 1.07 1.08
0.6 0.14 1.03 1.07 1.04 1.03 1.01 1.04 1.02 1.10 1.08
0.7 0.13 1.04 1.15 1.04 1.11 1.01 1.12 1.02 1.19 1.08
0.8 0.11 1.05 1.35 1.04 1.30 1.01 1.31 1.02 1.39 1.08
0.9 0.08 1.08 1.85 1.05 1.79 1.02 1.80 1.03 1.91 1.09

Note: The 0rst column reports the value of the parameter,  , controlling asymmetry. Other columns are
as in Table 1.

second column gives the expected loss using the population weights. The third column
evaluates the expected loss when the forecast combination weights and the constant
are based on the preferred (among estimators that consistently estimate the weights)
estimation method. The fourth and 0fth columns give results from OLS estimation and
OLS estimation of the weights followed by estimation of the constant term (which
is the procedure proposed above if we knew the data were elliptically symmetric),
respectively. 17 We also report losses for the average (equal-weighted) and individual
forecasts (unit or zero weight on each forecast) as well as losses for each of these
where an optimally estimated constant is employed to obtain the correct bias (these are
subscripted c in the tables). Separate results are reported for the skewed and kurtotic
mixture models.
The 0rst forecast is quite good on its own, the second quite a bit less so. The

fact that combination methods do better than simply using the 0rst forecast on its own
highlights the value of the forecast combination approach. Consistent with theory, even
when the 0rst forecast is obviously better than the second, the latter can still be very
useful in constructing a better combined forecast.
The results are similar qualitatively—and to an extent quantitatively as well—across

loss functions. Under both the skewed and kurtotic mixture models the ‘optimal’

17 The expectation is taken with respect to the true distribution of the forecast errors.
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Table 3
Average loss for asymmetric quadratic loss function

 Loss WLS OLS OLSc AVE AVEc For1 For1c For2 For2c

Skewed mixture
0.1 0.14 1.06 1.89 1.08 1.82 1.05 1.88 1.09 1.99 1.15
0.2 0.20 1.05 1.34 1.06 1.30 1.03 1.34 1.07 1.42 1.13
0.3 0.24 1.04 1.15 1.05 1.11 1.02 1.14 1.05 1.21 1.12
0.4 0.26 1.04 1.06 1.04 1.03 1.02 1.06 1.05 1.12 1.11
0.5 0.26 1.04 1.04 1.04 1.00 1.01 1.03 1.04 1.10 1.11
0.6 0.26 1.04 1.06 1.04 1.03 1.02 1.06 1.05 1.12 1.11
0.7 0.24 1.04 1.15 1.05 1.11 1.02 1.14 1.05 1.21 1.11
0.8 0.20 1.05 1.34 1.06 1.29 1.03 1.33 1.06 1.41 1.13
0.9 0.15 1.07 1.88 1.07 1.82 1.05 1.87 1.08 1.98 1.14

Kurtotic mixture
0.1 0.07 1.16 1.65 1.09 1.55 1.04 1.58 1.06 1.76 1.18
0.2 0.09 1.11 1.29 1.08 1.22 1.03 1.24 1.04 1.38 1.17
0.3 0.10 1.09 1.16 1.08 1.09 1.03 1.11 1.04 1.24 1.16
0.4 0.10 1.08 1.09 1.08 1.03 1.02 1.05 1.04 1.17 1.16
0.5 0.10 1.08 1.08 1.08 1.01 1.02 1.03 1.04 1.15 1.16
0.6 0.10 1.08 1.09 1.08 1.03 1.02 1.05 1.04 1.17 1.16
0.7 0.10 1.09 1.16 1.08 1.09 1.03 1.11 1.04 1.24 1.16
0.8 0.09 1.11 1.29 1.08 1.22 1.03 1.24 1.04 1.38 1.17
0.9 0.07 1.16 1.65 1.09 1.55 1.04 1.58 1.06 1.76 1.18

Note: Columns as in Table 2.

estimators (M estimation for linex, quantile regression for lin–lin and WLS for asym-
metric squared loss) produce expected losses that are 3–16% higher than the expected
loss under population parameter values. For the skewed mixture model, use of the
suboptimal OLS weights can entail an increase in the average loss of more than 100
percent relative to the loss under the population parameter values and grows as the de-
gree of asymmetry in the loss function increases. The loss from using OLS estimates
remains large in the elliptically symmetric model due to the use of an inconsistent
estimator of the constant term. However, use of the OLS weights with a corrected
(optimal) estimate of the constant entails a fairly small loss over the optimal estimator
and sometimes even has a better small sample performance. 18 This follows from the
good properties of the OLS estimator for this Monte Carlo design. As expected this
is even more the case for the elliptically symmetric kurtosis model for which OLS
consistently estimates the optimal weights.

18 Note that the ‘optimal bias’ in the constant term adjusts for the non-optimal estimation of the combination
weights. Under the ‘constant adjustment’ strategy the estimated forecast combination weights, and hence the
relevance of the individual forecasts in the construction of the combined forecast, are the same. This means
that if one uses this method (which is generally simpler in practice and also less dependent on the shape
and parameters of the loss function) then the usefulness of the individual forecasts rests entirely on their
usefulness in the mean square error loss forecast combination.
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Fig. 2. Average relative loss: (a) Model 1; (b) Model 2. Note: Model 1 refers to the skewed mixture. Model
2 is as the skewed mixture but with a di9erent variance–covariance matrix. The modi0ed entries for state 1
are: (1; 3) = −0:05; (2; 2) = 0:5; and (3; 3) = 1=3.

Similar results arise under averaging which performs poorly on its own but does
much better after the bias adjustment. When the intercept is corrected (using the rele-
vant estimator for each loss function) the losses perform very well in the Monte Carlo
design examined here. This, however, strongly depends on the underlying distribution
of the data. To demonstrate this point Fig. 2a graphs the average loss for the quantile
regression, OLSc and AVEc against the asymmetry parameter,  . For this case the
AVEc method does very well against the other methods. The ‘folk theorem’ on the
superiority of using even weights re1ects that when the weights are ‘close’ to even,
imposing this constraint does not result in a large bias and reduces the variance due to
estimation error. However, more diverse weights overturn this result, as can be seen in
Fig. 2b. In this case we have designed the Monte Carlo so that the weight on the 0rst
forecast ranges from 0.4 to 0.6 (close to one-half) but the weight on the second forecast
ranges from −0:5 to 0. In this case the constant adjusted average weighting method
does extremely poorly. More generally it is easy to 0nd cases where this method does
well and cases where it does poorly. Note that the OLSc method still works very well
for this Monte Carlo design.
We also examine Diebold and Mariano (1995) tests that compare various estima-

tors, reporting results for the lin–lin case only as results for the other loss functions
are similar. Table 4 shows rejection frequencies for a size of 5% using the quantile
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Table 4
Diebold–Mariano tests for lin–lin loss function

 OLS OLSc AVE AVEc For1 For1c For2 For2c

Skewed mixture
0.1 1.00 0.13 1.00 0.22 1.00 0.27 1.00 0.39
0.2 1.00 0.08 1.00 0.21 1.00 0.29 1.00 0.43
0.3 0.83 0.01 0.82 0.10 0.86 0.18 0.92 0.38
0.4 0.13 0.00 0.26 0.05 0.37 0.13 0.57 0.33
0.5 0.00 0.00 0.06 0.03 0.16 0.11 0.38 0.31
0.6 0.12 0.00 0.26 0.05 0.38 0.13 0.58 0.32
0.7 0.81 0.02 0.83 0.09 0.87 0.18 0.92 0.36
0.8 1.00 0.07 1.00 0.17 1.00 0.24 1.00 0.42
0.9 1.00 0.12 1.00 0.20 1.00 0.26 1.00 0.37

Kurtotic mixture
0.1 1.00 0.01 1.00 0.05 1.00 0.07 1.00 0.20
0.2 1.00 0.01 1.00 0.05 0.99 0.08 1.00 0.29
0.3 0.81 0.00 0.83 0.05 0.84 0.08 0.93 0.34
0.4 0.19 0.00 0.29 0.06 0.32 0.09 0.64 0.39
0.5 0.01 0.00 0.09 0.06 0.12 0.09 0.47 0.40
0.6 0.20 0.01 0.28 0.05 0.32 0.08 0.62 0.38
0.7 0.81 0.01 0.83 0.05 0.84 0.07 0.92 0.35
0.8 0.99 0.01 0.99 0.05 1.00 0.07 1.00 0.28
0.9 1.00 0.01 1.00 0.06 1.00 0.08 1.00 0.20

Note: The 0rst column reports the value of the parameter, a, controlling asymmetry. Other entries give
the percentage of rejections of one-sided Diebold–Mariano tests (5% signi0cance level) of the optimal
combination vs. the corresponding entry. The tests are based on estimates of the forecast combination weights
and the constant from 100 observations and 5,000 Monte Carlo replications. OLS refers to the estimation of
the combination weights by OLS; AVE refers to equal-weighted forecast combination. Fori refers to forecast
i alone. Names ending with c refer to the corresponding estimation technique for the weights followed by
optimal estimation of the constant.

estimator as the base model and testing the null that the alternate methods give similar
results against the one-sided alternative that the other methods are worse. A result of
0.05 indicates that other methods perform equally well, a larger frequency of rejection
suggests that the base estimator does better and a number lower than 0.05 suggests
that it does better for less than the expected number of cases under the null. In most
cases the OLSc method produces results around zero suggesting either that we would
prefer the OLSc method if we used this test or (far more likely) that the test is not
suJciently powerful to distinguish between the forecasts from the two methods. The
exception is when there is extreme loss asymmetry. The AVEc method tends also to
do well, especially under symmetry. But for the most asymmetric cases it is found to
be worse by this metric. Part of the reason for this is that the AVEc forecasts are less
variable than the other forecasts and thus contribute less to the standard error. Hence
when this method is better it is more likely to be statistically signi0cantly so. These
results, as we expect from the theory in Section 3, are more pronounced for the skewed
mixture than for the elliptically symmetric kurtotic model.
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Table 5
Small sample results for lin–lin loss function

Population weights Quantile estimate bias OLS estimate bias OLSc AVEc

 !1 !2 !c !1 !2 !c !1 !2 !c !c !c

Skewed mixture
0.1 0.39 −0.02 0.95 0.00 0.03 0.00 0.23 0.39 −0.95 −0.12 −0.10
0.2 0.45 0.08 0.59 0.00 0.01 0.00 0.17 0.28 −0.59 −0.10 −0.10
0.3 0.51 0.19 0.36 0.00 0.01 0.00 0.11 0.18 −0.36 −0.10 −0.10
0.4 0.57 0.28 0.17 0.00 0.01 0.00 0.05 0.08 −0.17 −0.05 −0.06
0.5 0.62 0.37 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
0.6 0.67 0.46 −0.17 0.00 0.00 0.00 −0.05 −0.09 0.17 0.05 0.05
0.7 0.73 0.55 −0.36 0.00 0.00 0.00 −0.11 −0.18 0.36 0.10 0.09
0.8 0.79 0.65 −0.59 0.00 −0.01 0.00 −0.17 −0.29 0.59 0.13 0.12
0.9 0.85 0.76 −0.95 0.00 −0.04 0.00 −0.23 −0.39 0.95 0.11 0.10

Kurtotic mixture
0.1 0.67 0.27 0.47 −0.01 0.00 0.02 −0.01 0.00 −0.39 0.01 −0.07
0.2 0.67 0.27 0.31 −0.01 0.00 0.01 −0.01 0.00 −0.23 0.02 −0.06
0.3 0.67 0.27 0.21 −0.01 0.00 0.01 −0.01 0.00 −0.13 0.01 −0.07
0.4 0.67 0.27 0.14 −0.01 0.00 0.01 −0.01 0.00 −0.06 0.01 −0.07
0.5 0.67 0.27 0.07 0.00 0.00 0.01 −0.01 0.00 0.01 0.01 −0.07
0.6 0.67 0.27 0.00 0.00 −0.01 0.01 −0.01 0.00 0.08 0.01 −0.06
0.7 0.67 0.27 −0.08 0.00 −0.01 0.01 −0.01 0.00 0.16 0.01 −0.06
0.8 0.67 0.27 −0.18 0.00 0.00 0.01 −0.01 0.00 0.25 0.01 −0.06
0.9 0.67 0.27 −0.34 0.00 −0.01 0.00 −0.01 0.00 0.42 0.01 −0.06

Note: The 0rst column reports the value of the parameter,  , that controls the asymmetry of the loss
function. The second through fourth columns give the population values of the optimal forecast combination
weights and the constant. All other entries are bias estimates based on a sample of 100 observations and
5,000 Monte Carlo replications.

7.2. Biases in the estimators

Table 5 shows both population values and the bias arising from various estima-
tion methods under lin–lin loss. For the other loss functions results were again simi-
lar. The 0rst column shows the value assumed for the asymmetry parameter in the
loss function ( ). The next three columns show the population values of the op-
timal weights. Then follows the bias in the estimates from the preferred estima-
tion method and the bias arising from ordinary least squares estimation. The 0nal
columns report the bias in the constant term when the forecast combination weights
are estimated by OLS or by averaging followed by optimal estimation of the
constant.
For the lin–lin loss function, the quantile regression method only introduces very

minor biases in the estimated forecast combination weights and the constant term,
irrespective of whether the data generating process is the skewed or kurtotic mix-
ture model and even under very large degrees of asymmetry in the loss
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function. 19 The OLS estimator, optimal when  = 0:5, is quite heavily biased even
for small departures from symmetric loss. The biases in the constant are mitigated to
a large extent when estimating the forecast combination weights by OLS followed by
quantile estimation of the constant. 20 Nevertheless, the estimates have a bias of around
10% for the most asymmetric loss functions and skewed data.
These simulations show that, on the whole, the simple two-step procedure that esti-

mates the combination weights by OLS followed by intercept correction tends to work
very well, provided that the degree of asymmetry in the loss function is not very large.
This procedure is of course very simple to use in practice and eliminates most of the
loss from using the simple OLS estimator to estimate both the combination weights
and the intercept.
These results also carry over to data that simultaneously display skew and kurtosis.

Table 6 shows results for a mixture model that sets p1 = p2 = 0:5 has the same
covariance matrices as in the kurtosis mixture model, zero means in state 1 and means
of −0:25 in state 2. This model matches more closely the moments of the empirical
data in the next section. We report results for the asymmetric quadratic loss function
but the results are very similar for linex and lin–lin loss. OLS continues to generate
substantial biases in the parameter estimates under asymmetric loss and this leads to a
large increase in the expected loss. In contrast the weighted least squares estimator or
the bias-adjusted least squares method produce only small biases and relatively modest
values of the expected loss.

8. Empirical application to in.ation forecasting

To demonstrate the theoretical ideas developed so far, we consider an application
that combines predictions of changes in the consumer price index (CPI) from a simple
autoregressive time-series model with survey predictions. The source of the latter is the
Livingston Survey data base maintained by the Federal Reserve Bank of Philadelphia. 21

This provides a time series of predictions of the consumer price index six months
ahead in time over the period 1946:I to 2001:I. All forecasts are thus one-step-ahead
for a forecast horizon of 6 months. The forecasts are likely to be based on diverse
information sets that comprise a much larger set of public and private information than
is typically considered in econometric models.
We combine the aggregate survey predictions 22 with predictions from a simple

autoregressive forecasting model. Schwarz’s information criterion supported a sim-
ple 0rst-order autoregressive (AR(1)) model which we use to predict the in1ation

19 It can be diJcult to interpret the absolute size of the bias in these simulations as it depends on the
scaling of the problem which is arbitrary. We use the terms “small” and “large” bias in a relative sense, i.e.
relative to the biases observed in the other simulations.
20 This reduces to a simple LAD estimation problem.
21 This survey data has previously been used in numerous studies. For a comprehensive list of these, see

the web site maintained by the Federal Reserve Bank of Philadelphia.
22 These are computed as the arithmetic mean of the individual forecasters’ predictions.
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Table 6
Small sample results for asymmetric quadratic loss: mixture with skew and kurtosis matching empirical data

Small sample results
Population weights WLS estimate bias OLS Estimate bias OLSc AVEc

 !1 !2 !c !1 !2 !c !1 !2 !c !c !c

0.2 0.69 0.48 0.36 0.00 −0.01 −0.01 −0.07 −0.12 −0.36 −0.03 −0.02
0.5 0.62 0.37 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
0.8 0.55 0.25 −0.36 0.00 0.00 0.01 0.07 0.12 0.36 0.02 0.02

Average loss
 Loss WLS OLS OLSc AVE AVEc For1 For1c For2 For2c

0.2 0.18 1.06 1.31 1.06 1.26 1.03 1.29 1.06 1.37 1.12
0.5 0.22 1.05 1.05 1.05 1.00 1.01 1.03 1.04 1.10 1.11
0.8 0.17 1.06 1.31 1.06 1.26 1.03 1.30 1.06 1.37 1.12

DM tests
 OLS OLSc AVE AVEc For1 For1c For2 For2c

0.2 0.90 0.00 0.77 0.03 0.82 0.09 0.88 0.24
0.5 0.01 0.01 0.03 0.02 0.09 0.07 0.29 0.25
0.8 0.90 0.00 0.78 0.03 0.82 0.10 0.88 0.26

Note: The 0rst column of each panel reports the value of the parameter,  , controlling asymmetry. For the
0rst panel, the second through fourth columns give the population values of the optimal forecast combination
weights and the constant. All other entries are bias estimates. For the second panel, the second column gives
the population expected loss. Other entries give average loss based on estimates of the forecast combination
weights and the constant. These losses are scaled by the population loss. For the third panel, the entries give
the % of rejections of one-sided Diebold–Mariano tests (5% signi0cance level) of the optimal combination
vs. the corresponding entry. For all panels, the estimations and tests are based on estimates of the forecast
combination weights and the constant from 100 observations and 5,000 Monte Carlo replications. OLS refers
to the estimation of the combination weights by OLS; AVE refers to equal-weighted forecast combination.
Fori refers to forecast i alone. Names ending with c refer to the corresponding estimation technique for the
weights followed by optimal estimation of the constant.

rate—de0ned as the log-di9erence in the CPI , YCPI — one-step, or six-months, ahead.
One-step-ahead forecasts from the autoregressive model are computed using recursively
updated parameter estimates. 23

The estimated correlation between the forecast errors from the autoregressive model
and the Livingston survey data is 0.63 over the full sample. While high, this estimate
only re1ects the linear correlation between the two sets of forecast errors. Inspection
of the density of the forecast errors from the AR(1) model and the Livingston survey
data suggested that the two forecast error distributions have more probability mass in
the center and in the tails than a Gaussian distribution, thus indicating leptokurtosis.

23 Two observations are used to de0ne the 0rst-di9erence of the logarithm of the CPI and its lagged value
and we use the 0rst 50 observations as an initial sample for parameter estimation.
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Fig. 3. Forecast combination weights under di9erent loss functions.

The density generated by the autoregressive model also has more probability mass in
the right shoulder and tail than the density associated with the Livingston data which
has a thicker left shoulder.
The two sets of forecasts thus contain very di9erent information. For small val-

ues of  the Livingston forecasts were found to strongly outperform the AR(1) fore-
casts. As  gets larger, this di9erence declines. When  is 0.7 or larger the AR(1)
forecasts outperform the Livingston forecasts in terms of the average loss over the
sample.
To explore the importance the loss function plays in determining the optimal com-

bination weights, we varied the asymmetry parameter,  , between 0.1 and 0.9. This
moves us from strong aversion against large positive forecast errors via a symmetric
loss function towards strong aversion against large negative forecast errors. The opti-
mal combination weights under lin–lin loss are shown in the upper window of Fig. 3.
Under standard, symmetric loss ( =0:5), the optimal weight on the AR(1) forecast is
close to zero. However as the loss function becomes increasingly asymmetric (in either
direction), it becomes optimal to put a non-zero weight on the time-series forecast. For
small values of  a positive weight is put on both the AR(1) forecasts and the density
forecasts. For large values of  , the optimal weight on the AR(1) forecasts becomes
negative while the weight on the Livingston data increases. Strong aversion against
positive forecast errors thus means assigning positive combination weights to both the
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Table 7
Descriptive statistics and skew and Jarque–Bera tests for normality of forecast errors

Series Mean Std Skew Kurtosis Skew test JB test

Actual 0.020 0.016 1.119 4.238 19.621 25.621
AR(1) 0.017 0.009 1.237 4.769 23.954 36.217
Livingston 0.021 0.016 0.727 3.524 8.273 9.348
 = 0:1 −0.014 0.009 −1.028 4.080 7.918 10.107
 = 0:5 −0.006 0.009 −0.567 3.635 2.409 3.164
 = 0:9 0.002 0.009 0.305 3.441 0.700 1.064

Note: The 0rst to fourth columns are estimates of the mean, standard deviation, skew (zero is no skew)
and kurtosis (a value of three is no excess kurtosis), respectively. Reported in the last two columns are
Skew tests and Jarque–Bera tests for normality respectively. The 95% critical value is 3.84 for the Skew
tests and 5.99 for the JB tests. Both tests reject for larger values. The 0rst three rows are for the realized
series (actual) and forecasts, respectively. Values in rows marked  refer to forecast errors estimated using
weights under the asymmetric quadratic loss function.

autoregressive and Livingston predictions. Under strong aversion against negative fore-
cast errors the combination weight on the autoregressive model is strongly negative
while the weight on the Livingston prediction is strongly positive. The lower window
of Fig. 3 repeats this exercise for the asymmetric quadratic loss function. The actual
estimates for the weights di9er somewhat but the story is basically the same as under
lin–lin loss.
One way to understand the negative weight on the forecasts from the AR(1) model

when  is large is by considering scenarios under which large negative forecast errors
occur. The tail correlation between the autoregressive and the Livingston forecast er-
rors is greater than the correlations in the center of the forecast error distribution. To
avoid large negative forecast errors (which occur under positive combination weights
if the two forecast errors are simultaneously negative or under negative weights if the
forecast errors are simultaneously positive), the optimal weights have opposite signs.
Combinations with weights of opposite signs are similar to setting up a spread in a
0nancial trading strategy, a practice commonly used when return correlations are higher
the more volatile markets are. Notice, however, that while large positive forecast er-
rors are more common for the AR(1) model than in the Livingston data, the positive
weight on the Livingston forecast is almost twice as large as the negative weight on
the AR(1) forecast.
Since the forecast combination weights are very sensitive to the parameters of the

loss function, we expect that the distribution of the forecast errors (and indeed the
individual forecasts as well as the change in in1ation) are far from symmetric. In
Table 7 we provide descriptive statistics for the 0rst four moments of the various
forecasts and also test for skew and kurtosis for each of the underlying variables as
well as the forecast errors for three values of  , namely  = 0:1; 0:5; 0:9. These tests
merely serve the purpose of characterizing the distribution of the various forecasts. As
expected we strongly reject the null of no skew for the individual forecasts and the
actual time series while this null is only rejected for the forecast error distribution
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Table 8
Average losses from combined and equal weighted forecasts

WLS estimates Losses

 w1 w2 Constant OLSc AVEc WLS OLSc AVEc
constant constant

0.1 0.594 0.595 0.006 0.013 0.007 0.028 0.028 0.023
0.5 −0.001 0.824 0.004 0.004 0.002 0.053 0.053 0.051
0.9 −0.428 0.926 0.002 −0.003 −0.004 0.027 0.037 0.035

 ! !AR !A !B !I WLS Equal weights

0.1 0.53 0.56 0.00 −0.27 0.87 0.027 0.033
0.5 0.61 −0.03 0.30 −0.09 0.61 0.052 0.045
0.9 0.23 −0.51 0.48 −0.10 0.60 0.026 0.057

Note: WLS estimates are estimates of the parameters using the WLS method described for the asymmetric
quadratic loss function with asymmetry parameter  . The loss reported is average out of sample one step
ahead loss. In the OLSc case OLS weights are used for the forecast combination weights but the constant is
estimated using WLS. AVEc gives results for even weights on the forecasts and a constant estimated using
WLS. The second panel is based on combinations of the autoregressive (AR) and disaggregated academic
(A), bank (B) and industry (I) forecasts.

when  =0:1 and a strong negative skew emerges. Notice also the shift from negative
to positive skew as  increases from 0.1 to 0.9. 24

Finally, an implication of the Monte Carlo results in Section 7 is that simply getting
the constant correct (imposing the correct bias) is a major part of the attempt to obtain
combined forecasts that perform relatively well. In the numerical work we con0rmed
that simply using the OLS weights on the actual forecasts with the ‘optimal’ method for
estimating the constant entailed only minor additional losses. The top panel of Table 8
examines this possibility with the in1ation rate data using out-of-sample forecast errors
under asymmetric quadratic loss. Except when  =0:9; the average loss from using OLS
forecast combination weights and WLS to estimate the constant is very similar to the
loss based on the iterative WLS estimates. When  = 0:9 the WLS estimation method
does lead to better results than both the OLS and the averaging methods followed by
adjustment.

8.1. Disaggregated survey predictions

The Livingston survey data lists predictions according to the forecasters’ broad af-
0liation. The most frequent aJliations are non0nancial business (‘industry’), academic
institution (‘academic’) and commercial and investment banking (‘banking’). Forecast-
ers from the same area of business are perhaps more likely to use the same informa-
tion sets and/or models, so we next consider how the weights on these disaggregated

24 We also computed forecast encompassing tests. It was generally rejected that the AR(1) model fore-
cast encompasses the Livingston predictions, while the reverse could not be rejected at standard levels of
signi0cance.
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forecasts depend on the loss function. We compute averages of the optimal combina-
tion weights on the AR(1) predictions and the three survey predictions as a function
of  . All predictions are out-of-sample and the superscripts AR; A; B; I refer to the au-
toregressive, academic, banking and industry predictions. The bottom panel of Table 8
shows the outcome. When the loss function assigns a very small weight to large neg-
ative forecast errors ( = 0:1), the academic forecasts get a zero weight. Otherwise
this weight is large and positive. The weight on the ‘banking’ in1ation forecasts is al-
ways negative and tends to be small. Most weight is put on the forecasts produced by
professionals in non0nancial business. These consistently receive a weight above 0.5
irrespective of the shape of the loss function. The weight on the autoregressive forecast
does not appear to be much a9ected by using disaggregate rather than aggregate survey
data. It continues to be large and positive when  = 0:1 and large and negative when
 = 0:9.
We 0nally investigated whether the often quoted 0nding that simple averages of fore-

casts outperform estimated optimal weights depends on the shape of the loss function.
Our results—reported in the bottom panel of Table 8—con0rm the frequent 0nding
that equal-weights outperform estimated optimal weights under MSE loss ( = 0:5).
However, they also show very clearly that this result is overturned under asymmet-
ric loss where use of estimated optimal weights leads to far smaller average losses
out-of-sample.
In an analysis of forecasts of GNP/GDP growth from the Blue Chip Economic

Indicators, Laster et al. (1999) 0nd evidence that independent forecasters are more
likely to produce ‘extreme’ forecasts that di9er the most from the consensus or median
forecast. They propose an economic model where such behaviour is rational. Forecasters
attract two types of clients, namely intensive users (who demand consistently precise
forecasts) and occasional users that select last period’s star forecaster, i.e. the forecaster
whose prediction was closest to the outcome. Producers of forecasts have an incentive
to attract new occasional use clients. They can only do this by being more accurate
in their prediction than other forecasters. This gives an incentive to generate extreme
forecasts. The incentive is stronger, the more the forecaster relies on occasional use
clients. Di9erences in opinions across forecasters may thus be driven by forecasters
with di9erent ratios of occasional and intensive forecast users. This story is consistent
with our framework where di9erent forecasts are driven either by di9erent information
sets or by di9erent loss functions. In fact, if the forecaster producers act as agents for
forecast users, asymmetric loss could well be caused by di9erences across forecasters
in the ratios of occasional and intensive use clients.

9. Conclusion

Several conclusions emerge from our analysis. If the forecast error distribution is
elliptically symmetric then the forecast combination weights are identical for a wide
range of loss functions, including the popular mean squared error loss function. This
implies that if a particular forecast is informative under MSE loss, then this forecast
will be informative for a very wide range of loss functions. If there is little departure
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from elliptical symmetry, then the optimal forecast combination weights are near the
standard weights derived under MSE loss. This has practical implications since such
weights are often much easier to compute.
Under departures from elliptically symmetric distributions, the optimal combination

weights under asymmetric loss can be very di9erent than under MSE loss. For example,
if negative forecast errors are associated with much lower losses than positive ones,
then it will be optimal to select combination weights that give rise to a much larger
upward bias than under MSE loss.
Irrespective of the distribution of the forecast errors, the constant term in the forecast

combination is a9ected by the loss function. Our simulations suggest that even with
heavily skewed forecast errors, the loss from using MSE combination weights (which
are suboptimal) and optimally adjusting the constant results in fairly small increases
in expected loss. Since this strategy is simple and has good small sample properties,
for many applications this approach will perhaps work well.
Our empirical application showed that the optimal weights in a combination of in1a-

tion survey forecasts and forecasts from a simple autoregressive model strongly depend
on the degree of asymmetry in the loss function. In the absence of loss asymmetry,
the autoregressive forecast does not add much information. However, under asym-
metric loss (in either direction), both sets of forecasts appear to contain information
and have non-zero weights in the combined forecast. The application con0rmed the
frequent 0nding that equal-weights outperform estimated optimal weights under MSE
loss. However, it also showed very clearly that this result can be overturned under
asymmetric loss where use of estimated optimal weights led to much smaller average
losses out-of-sample.
There are many directions for generalizing our results. While we do not study

time-variations in higher order conditional moments, it is possible to extend our frame-
work to include such e9ects. Elliott and Timmermann (2002) consider a framework
with time-varying mixtures of Gaussian distributions that generate time-varying higher
order moments. First order conditions for the optimal combination weights can be
derived under a variety of loss functions. In general these depend on the full set of pa-
rameters that determine the conditional density. In this framework the optimal intercept
and combination weights become time-varying. Many of the ideas in this paper can
also be applied to multi-step-ahead forecasting. Some GARCH models imply that the
one-step-ahead forecast errors are elliptically symmetric, while multi-step-ahead fore-
cast errors are not. This raises the possibility of letting the estimation method depend
on the forecast horizon.
Another possibility is to adopt the Bayesian methods to forecast combination that

have been developed by Palm and Zellner (1992), including shrinkage methods. There
are good theoretical reasons to consider such methods. Non-Bayesian estimators need
not be admissible in cases where Bayesian methods may have this property. Sim-
ilarly, Bayesian model averaging can be shown to provide better predictive ability
than individual models along a logarithmic scoring rule. These points would suggest
potentially important gains from using Bayesian methods. In their extensive analysis
of a wide range of prediction models for international growth rates Min and Zellner
(1993) did not 0nd much evidence that combination methods improved MSE
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performance. However they did 0nd that the best Bayesian combination methods dom-
inated their non-Bayesian counterparts. Similarly, recent work by Raftery et al. (1997)
0nds promising gains from Bayesian model averaging techniques in cases with many
predictors. In future work we plan to extend these methods to cover asymmetric loss
functions such as the ones considered in this paper.
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